We give an overview over certain geometric bodies, the floating body and the illumination body, associated to a convex body. We also introduce an analytic property for a convex bodies, the affine surface area. We describe connections between the introduced concepts.
Introduction and Notations
We give an overview over certain geometric bodies associated to a convex body and a certain analytic property defined for a convex body. We describe connections between the introduced concepts. We omit most of the proofs as they have been given in the original papers and we refer to the original articles for the proofs.
We use the following notations. m is the Lebesgue measure on R n . B n 2 (a, r) is the n-dimensional Euclidean ball with radius r centered at a. We put B n 2 = B n 2 (0, 1). By ||.|| we denote the standard Euclidean norm on R n , by < . , . > the standard inner product on R n . For two points x and y in R n [x, y] = {αx + (1 − α)y : 0 ≤ α ≤ 1} denotes the line segment from x to y.
For a convex body K in R n ,
• K is the interior of K and ∂K is the boundary * partially supported by a nsf grant, by a nato collaborative linkage grant and by a nsf advance opportunity grant.
of K. We also write S n−1 for ∂B n 2 . For x ∈ ∂K, N (x) is the outer unit normal vector to ∂K in x. It may not be unique.
H(x, ξ) is the hyperplane containing the point x and orthogonal to ξ. H − (x, ξ) is the closed halfspace containing the point x + ξ, H + (x, ξ) the other halfspace. Now we introduce the geometric bodies associated to a given convex body. Let K be a convex body in R n and let t ∈ R, t ≥ 0.
The floating body K t of K is the intersection of all halfspaces H + whose defining hyperplanes H cut off a set of volume t from K
The hyperplane cuts off a set of volume t
∂K

Figure 1
We choose t small enough so that K t = ∅.
The concept of floating body goes as far back as Dupin and Blaschke 3 . They considered only dimenensions 2 and 3. Leichtweiss 9 extended Blaschke's definition to R n . This definition defines the "boundary"of the floating body K [t] as the set of points that are the center of gravity of all hyperplanes H such that K ∩ H − = t. This floating body K [t] is different from the one introduced above. It need not be convex as one can see by considering a triangle in R 2 (see 10 ). It is clear that the above floating body K t is convex as the intersection of convex sets. As far as we know, the the floating body K t was introduced by Schütt 
, where
(ii) Through every point of ∂K t there is at least one hyperplane that cuts off a set of volume t from K.
(iii) A supporting hyperplane H of K t that cuts off a set of volume t touches K t in exactly one point, namely the barycenter of K ∩ H.
Then K t 0 consists of one point only.
(vi) K t is invariant under affine transformations with determinant 1.
Proof.
(i) By symmetry B n 2 (a, r) t is again a Euclidean ball centered at a. For t small, we now compute the radius ρ 1 of this ball. Let H be a hyperplane that cuts off t of B n 2 (a, r) and let ∆ be the height of the cap B
where
(iii) Let y ∈ ∂K t and let H = H(y, ξ) be a supporting hyperplane of K t that cuts off t from K. The barycenter of K ∩ H is computed by
We have
We estimate now the volume of the two wedges. Let
Let α = α( ) be the angle between the two planes. For small α we get that
which, for small α, equals tan α
The other wedge is handled in the same way and we get that the volume
This equals
This means that for sufficiently small α this expression is strictly smaller than
Therefore the hyperplane H(y, η) cuts off a set of volume strictly smaller than t. We choose a hyperplane that is parallel to H(y, η) and cuts off a set of volume t. But then y is also cut off and cannot be an element of K t .
(iv) follows from (iii).
2
Proposition 2.
Let K be a convex body in R n . Then we have
(ii) For t small enough, B n 2 (a, r) t is again a Euclidean ball centered at a with radius r
(iii) K t is invariant under affine transformations with determinant 1.
(iv) For a polytope P in R n , P t is again a polytope.
Proof.
(i) To show that the illumination body is convex, it is enough to show that the illumination body of a polytope is convex as every convex body in R n can be approximated by polytopes. Let P t be the illumination body of a polytope P . Let x, y ∈ ∂P t . Then
where N F is the outer normal and c F is the center of gravity of the face F . Let 0 < λ < 1 and let
(ii) Again, by symmetry, B n 2 (a, r) t is a Euclidean ball centered at a. For t small, we now compute the radius ρ 2 of this ball. t equals the volume of a cone minus the volume of a cap. Hence with Proposition 1 (i) we get that
. Hence
. Floating bodies and illumination bodies are -in a sense-dual notions. But notice that in general it is not the case that (K t ) 0 = (K 0 ) t Indeed, for a polytope P , P 0 is a polytope and hence by Proposition 2 (iv), (P 0 ) t is a polytope. However for a polytope P , P t is strictly convex by Proposition 1 (iv), hence not a polytope.
Affine surface area
The affine surface area was originally introduced by Blaschke 3 for convex bodies in R 3 with sufficiently smooth boundary. Its definition involves the Gauss curvature of the boundary points of a convex body. Hence it provides a tool to "measure" the boundary structure of a convex body. Therefore it is not surprising that the affine surface area occurs naturally in problems related to the boundary of a convex body, so for instance in the approximation of convex bodies by polytops. For more information about this subject and the role the affine surface area plays there, we refer to the works by Bárány, 24 . Additional references to the affine surface area as well as the proofs of the facts mentioned without their proofs and further applications can also be found in those papers as well as in 14, 8, 25 .
Let K be a convex body in R n . The affine surface area as(K) is
where µ is the surface measure on ∂K, κ the (generalized) Gaussian curvature.
Examples
(i) For every convex polytope P in R n , as(P ) = 0. This holds as a.e. on ∂P the Gauss curvature is equal to 0.
and for p = 1 and for p = ∞ we get that as(B 
Proof
The Gauss-Kronecker curvature at x ∈ ∂B n p with positive coordinates is
Thus we get
The affine surface area has many nice properties which make it useful for applications. In Proposition 3 we mention some of them. A map T from the set of all convex bodies in R n into R is called a valuation if we have for all convex bodies C, K such that C ∪ K is again convex
for an affine T with det T = 1.
(ii) valuation If C, K, and C ∪ K are convex bodies then we have
with equality iff K is an ellipsoid.
As the affine surface area is related to the boundary structure of of a convex body it comes in naturally in questions of approximation of convex bodies by polytopes:
as(K) "measures" how to distribute the vertices of the approximating polytope on ∂K for optimal approximation (see f.i. 1, 2, 5, 6, 7, 20 Next we want to indicate how the concepts of floating body respectively illumination body and affine surface area are related. Notice that the above two theorems provide a geometric interpretation of the affine surface area in terms of volume differences of a convex body and its floating body respectively of its illumination body. Thus one can use the left hand sides of Theorems 4 and 5 to define the affine surface area for general convex bodies in R n and not only for convex bodies with sufficiently smooth boundary as it had been done originally.
